Stem cells in the basal layer of human interfollicular epidermis form clusters that can be reconstituted in vitro. In order to supply the interfollicular epidermis with differentiated cells, the size of these clusters must be controlled. Evidence suggests that control is regulated via differentiation of stem cells on the periphery of the clusters. Moreover, there is growing evidence that this regulation is mediated by the Notch signalling pathway. In this paper, we develop theoretical arguments, in conjunction with computer simulations of a model of the basal layer, to show that regulation of differentiation is the most likely mechanism for cluster control. In addition, we show that stem cells must adhere more strongly to each other than they do to differentiated cells. Developing our model further we show that lateral-induction, mediated by the Notch signalling pathway, is a natural mechanism for cluster control. It can not only indicate to cells the size of the cluster they are in and their position within it, but it can also control the cluster size. This can only be achieved by postulating a secondary, cluster wide, differentiation signal, and cells with high Delta expression being deaf to this signal.
Introduction
Keratinocytes are the principal cell type of interfollicular epidermis. They are shed at the skin surface and replaced by division in the bottom-most layer of the epidermis, known as the basal layer. This layer undulates along the boundary between the epidermis and dermis.
There are three main types of keratinocytes in the basal layer of interfollicular epidermis: stem cells, transit-amplifying cells, and committed cells (Dover and Potten, 1983; Green, 1985, 1987) . They can be partially sorted by their ␤1-integrin expression and the time it takes for them to adhere to type IV collagen (Jones and Watt, 1993; Jones et al., 1995; Gandarillas and Watt, 1997; . ␤1-integrin is a cell-membrane receptor that mediates adhesion to the extracellular matrix (ECM). Stem cells are integrin-bright and adhere rapidly to type IV collagen, whereas transit-amplifying cells are, on average, less bright and take longer to adhere, and committed cells are integrin-dull or negative. Using ␤1-integrin expression levels, Jones et al. (1995) and Jensen et al. (1999) have shown that stem cells reside in discrete clusters at the tips of dermal papillae of foreskin, breast, and scalp and at the tips of rete pegs of the palm. The number of stem cells in these clusters is unknown but probably numbers up to 40 (Jensen et al., 1999; Janes et al., 2002) . In other work, Asplund et al. (2001) have shown that paternal and maternal X-chromosome inactivation has a mosaic-like pattern in normal human epidermis. The size of the mosaic tiles vary from 20 to 350 cells, suggesting that the size of human epidermal proliferative units (EPU; Potten, 1974 Potten, , 1981 is at least of the order of 20 cells.
Stem cells divide infrequently either because they have long cell-cycle times or because some are arrested in G 0 phase. Given an appropriate signal, stem cells on the periphery of clusters differentiate into transit-amplifying cells (Lowell et al., 2000) . This can occur at any time during the cell cycle (Dover and Watt, 1987) . Transit-amplifying cells divide for another three to five generations. They divide at a faster rate than stem cells in vivo (Potten et al., 1982) , though in culture, stem and transit-amplifying cells divide at the same rate (Dover and Potten, 1988) . Postmitotic cells are committed to terminal differentiation Watt, 1989, 1990; Hotchin et al., 1995) . This involves migration from the basal layer (Jensen et al., 1999) , the synthesis of keratin, involucrin, filligrin, and loricrin, and loss of the nucleus (Fuchs, 1990) . After several weeks, they are shed at the skin surface.
The overall picture of interfollicular epidermis emerging from the work of Watt and coworkers is of islands of stem cells in a sea of differentiated cells (Jones et al., 1995; Jensen et al., 1999) . Cells flow from the stem cell clusters through the transit-amplifying compartment (Jonason et al., 1996; Ren et al., 1997; Jensen et al., 1999) and up into the terminally differentiated layers. Although the stem cell clusters lie either at the tips of the dermal papillae or the rete pegs, these structures are not required for the formation and maintenance of the clusters (Jones et al., 1995) .
A key ingredient of this epidermal structure is the mechanism that causes a stem cell to differentiate into a transit-amplifying cell. There is strong evidence that a differentiation signal comes from the Notch cellcell signalling pathway (Lowell et al., 2000; Lowell and Watt, 2001; Rangarajan et al., 2001 ). Other factors implicated in stem cell fate are ␤1-integrin expression Levy et al., 2000; Brakebusch et al., 2000; Raghavan et al., 2000) , c-Myc (Gandarillas and Watt, 1997; Arnold and Watt, 2001) , and ␤-catenin . The Notch receptor and its ligand, Delta, are trans-membrane proteins. Binding of Delta on one cell can activate Notch on a neighbouring cell. It is thought that the intracellular domain of the Notch receptor is cleaved, which then promotes transcription of, for example, Enhancer of split genes (for a review, see Baron et al., 2002) . Notch signalling is implicated in many developmental processes (Lewis, 1996; Bray, 1998; Artavanis-Tsakonas et al., 1999; Baron et al., 2002) . Lowell et al. (2000) found that human stem cells express about twice as much Delta mRNA as transitamplifying cells, and committed cells express none. Notch mRNA was observed in all epidermal keratinocytes and was upregulated in terminally differentiated cells. By overexpressing Delta in keratinocytes, they discovered three major effects. First, a cell expressing high levels of Delta induces differentiation in its neighbouring cells. Second, a cell expressing high levels of Delta is deaf to the differentiation signal. And finally, stem cell clones overexpressing Delta form more compact clusters than wildtype clones, control clones, and transit-amplifying cell clones overexpressing Delta. Rangarajan et al. (2001) have found that mouse keratinocyte differentiation is induced by high Notch activation. As well as the Notch signalling pathway, many other molecular networks and signalling pathways are known to regulate epidermal growth and differentiation. These include NF-B (Kaufman and Fuchs, 2000) , wnt/␤-catenin (Oro and Scott, 1998) , Sonic hedgehog (Oro and Scott, 1998), 14-3-3 (Dellambra et al., 2000) , and ␣-catenin (Vasioukhin et al., 2001) .
The basal layer of interfollicular epidermis is, therefore, a very dynamic environment. Cells divide, differentiate, migrate, jostle, squeeze, push, and stick to each other. This raises two related questions. What are the general rules that control cluster size and shape, and what is the mechanism that allows clusters to autonomously regulate their size? In Results, we study the first question using theoretical arguments and simulations of a model of cluster dynamics. The second question has a partial answer already, namely the Notch signalling pathway. We explore this idea in more detail later in Results.
To answer these questions, we develop a spatial model of stem cell clusters in the basal layer of interfollicular epidermis. Other modelling studies of the spatial structure of interfollicular epidermis include a model of the EPU of mice (Loeffler et al., 1987) , a model of epidermal remodelling in psoriasis (Iizuka et al., 1996) , and a topological model of division and migration of cells of the basal layer (Dubertret and Rivier, 1997) .
We first consider some theoretical arguments for cluster size control. 
Materials and methods

Modelling active cluster size control
Our model of basal cell dynamics is based on the Graner and Glazier (1992) framework. This framework gives us the ability to model thousands of individual cells in space. Each cell has its own set of properties, like size, age, type, cell-cycle time, differentiation rate, adhesion strength to neighbouring cells, and Delta and Notch concentration on its membrane. We can also model cell division, growth, differentiation, migration, and loss.
The framework was developed to study differential adhesion and cell sorting in confluent sheets of cells Glazier, 1992, 1993) . It has been extended to study morphogenesis and taxis in Dictyostelium discoideum (Savill and Hogeweg, 1997; Marée et al., 1999) , avascular tumour growth (Stott et al., 1999) , and migrating fronts of cancer cells (Turner and Sherratt, 2002) . Here, we further extend the model by adding localised Delta and Notch concentrations on the cell membranes.
Briefly, the cells are represented as extended objects on a square lattice. Each cell is assigned a unique number and type (e.g., stem). Adhesion between cell types is incorporated by defining surface energies between neighbouring cell membranes. Cells sort by minimising their surface energies under the constraint of maintaining a target area. Cell division is modelled by assigning half of the lattice points of a cell a new unique number. Growth is modelled by increasing the target area of a cell. Differentiation is modelled by assigning a cell a new type. Death or migration out of the basal layer is modelled by setting the target area of a cell to zero.
We assume that stem and transit-amplifying cell-cycle times are gamma distributed with a mean of 15.6 h and standard deviation of 3.7 h (taken from in vitro experiments of human keratinocytes; Dover and Potten, 1988) . Transitamplifying cells are limited to three divisions before ceasing to divide and becoming committed cells. The time a committed cell resides in the basal layer is exponentially distributed with a mean and standard deviation of 6.6 h (Dover and Potten, 1988) .
There are some limitations to the Graner-Glazier model in general and our implementation of it. The model is a two-dimensional representation of a layer of cells. Therefore, there is no movement in the third dimension. Moreover, cells only form adhesive contacts on their lateral surfaces, so there is no representation of adhesive contacts on the basal or apical surfaces of the cells.
The model of Notch mediated lateral-induction
Delta-Notch cell-cell signalling is incorporated into the Graner-Glazier model by solving a system of simultaneous ordinary differential equations defined on the boundaries of stem cells with neighbouring stem cells.
The dedimensionalised equations of the model of lateralinduction are
where 
and
The variable x i,j is the dedimensionalised Delta expression on surfaces at position (i,j). The variable y i,j is the dedimensionalised bound Notch receptor (Delta-Notch complex) on surfaces at position (i,j). For each lattice point (i,j) of a particular cell , the first term in Eq. (1) is the background production rate of Delta in the cell. The second term is the production rate of Delta induced by the level of Notch activation in the cell. The third term is the reaction rate of Delta in the cell with free Notch on neighbouring cells. The fourth term is the disassociation rate of the Delta-Notch complex, and the final term is the decay rate of Delta. The first term in Eq. 2 is the reaction rate of Delta on neighbouring cells with free Notch in the cell. The second term is the disassociation rate of the Delta-Notch complex. The final term is the internalisation rate of bound Notch.
We assume that receptor density is constant and uniform on a cell's membrane and that Delta expression in a cell is proportional to the Notch activation in that cell [hence the factor 1 Ϫ y in Eqs. (1) and (2)].
⍀ is the set of all lattice points on cell 's membrane. A lattice point on the membrane of a cell may have multiple surfaces. s i,j is the number of surfaces associated with lattice point (i,j), S ϭ ͚ (i,j)⑀⍀ s i,j is the total number of surfaces of cell . ⌫ i,j is the set of lattice points neighbouring lattice point (i,j) that belong to stem cells that are different from the cell at point (i,j). U is the dedimensionalised total Delta expression in cell . V is the dedimensionalised total bound Notch in cell .
These equations are solved until they reach equilibrium using a second order Runge-Kutta method with a timestep of 0.5. Cell fate is based on the equilibrium values of U and V .
Results
Clusters actively control their size by regulating differentiation Theoretical considerations
Our first question is, what general rules control cluster size and shape? A cluster that becomes too small will not produce enough differentiated cells to supply the local epidermis. Conversely, a cluster that grows without bounds or clusters that continually fragment may cause abnormal tissue growth, as seen in diseases like psoriasis. Let us first consider cluster size control without concerning ourselves yet about the biochemical details.
The first possibility is that something in the local environment of dermal papillae or rete pegs externally regulates cluster size. However, apparently normal stratified epidermis can be reconstituted in vitro without these structures. Jones et al. (1995) have grown confluent sheets of keratinocytes on plastic. They found that patches of integrin bright cells from these sheets had the same variation in fluorescent intensity and diameter as patches sampled from skin. And the percentage of bright cells between the sheets and skin were very similar.
So external control of cluster size appears unlikely. This implies that clusters must control their own size via rates of division and differentiation and maybe, to a small extent, apoptosis (Laporte et al., 2000; Savill, 2003) .
One possibility that can be discounted is that stem cellcycle time is identical to the time it takes stem cells to differentiate. On the face of it this would keep the number of stem cells in a cluster constant. However, there are many problems with this idea. First, it is highly unlikely that two independent biological processes have the exact same rate. Second, keratinocytes are known to have large variances in their cell-cycle time (Duffill et al., 1976; Dover and Potten, 1988) . And it is not unreasonable to think that there is also variance in differentiation times. This means that the mean cell-cycle and differentiation times must be identical. Third, even if the times were identical, clusters would be structurally unstable. This means that if the cluster is perturbed away from its equilibrium size (for example, a cell dying by apoptosis or injury to the skin, or a cell failing to differentiate), there is no compensatory mechanism to bring it back to its equilibrium size.
Another unlikely possibility is asymmetric division (Watt, 2001) . At division, one daughter cell remains a stem cell, whereas the other daughter differentiates into a transitamplifying cell. This scheme also suffers from being structurally unstable, as discussed in Janes et al. (2002) .
A more realistic solution for cluster size stability is a mechanism that actively controls the size via regulation of either the division or differentiation rates. For example, suppose that the division rate is constant with a variable rate of differentiation. Then, if the cluster is below its equilibrium size, there is little or no differentiation. Because of cell division, the cluster will grow. If the cluster is above its equilibrium size, differentiation is upregulated or switched on. If the differentiation rate is fast enough to counteract cell division, the cluster will shrink. These solutions do not suffer from any of the problems mentioned in the last paragraph.
The experiments on the Notch signalling pathway are suggestive of a regulated differentiation rate. However, we can investigate both division and differentiation rate regulation by simulating an appropriate model of stem cell clusters. The model, in this case, is a simplified, two-dimensional representation of cells in the basal layer.
Control via regulation of differentiation
In this section, we model active cluster size control by regulating the differentiation rate. We are not concerned with the biochemical mechanism that causes differentiation of stem cells. Therefore, we impose a maximum cluster size of 30 cells. Only cells on the periphery of the cluster are allowed to differentiate. When the number of cells in the cluster is below the threshold of 30 cells, there is no differentiation. When the threshold is reached, peripheral stem cells immediately differentiate into transit-amplifying cells. Fig. 1A shows a simulation of a stable cluster supplying the epidermis with differentiated cells. In the first frame (48 h), a cell in the cluster is just about to divide. This will take the number of cells in the cluster to 30 (51 h). This causes differentiation of all peripheral stem cells into transit-amplifying cells (54 h). The cluster now contains 14 cells. The cluster continually grows and shrinks supplying the epidermis with differentiated cells.
There are only two necessary conditions for creating a stable stem cell cluster. The first is trivial: only peripheral stem cells must differentiate. The simulation in Fig. 1B demonstrates what happens when interior stem cells differentiate. When the cluster size reaches threshold, any cell can differentiate, bringing the size back below threshold. The cluster fills with transit-amplifying cells, Fig. 4 . Cluster control using lateral-induction mediated by Notch signalling. The left of each figure shows the cell type, that is, stem (red), transit-amplifying (green), and committed (blue). The right of each figure shows the Notch activation of each stem cell in a cluster. The brighter the colour, the higher the activation. Differentiated cells are coloured white. (A) Peripheral stems cell differentiate when the Notch activation increases above 0.075. This fails because when a peripheral cell differentiates it causes interior cells, with high Notch activation, to become peripheral (3 h). Because these cells have high activation, they differentiate (9 h), causing the cluster to fragment (15 h), leading to uncontrolled growth (108 h). (B) A second condition is imposed to overcome the problem in (A). Peripheral cells with a Notch activation above 0.045 and with more than 15 surfaces in contact with differentiated cells can differentiate. This does not work because the distribution of Notch activation with cluster size (Fig. 2) is not invariant with cluster shape (see Fig. 5 ). Peripheral cells on the extremities of a cluster have a Notch activation of peripheral cells of a smaller, circular cluster. Therefore, these cells are less likely to differentiate causing the cluster to grow fingers (75 h), leading to uncontrolled growth of the cluster (111 h). This simulation suggests that cluster size control can not depend only on local positional information from the lateral-induction mechanism. (C) A secondary, cluster wide (global) signal is needed to stabilise the cluster. When the Notch activation of any cell in the cluster reaches 0.125, it signals all cells in the cluster to differentiate. Any cell with a Delta expression above 0.075 is deaf to the differentiation signal. This causes peripheral cells at the extremities of the cluster to differentiate, thus making the circular shape stable. The cluster has remained stable for over 900 h.
shown in the first two frames (12-27 h), until it fragments (30 h). The two new clusters also fragment, leading to uncontrolled growth, as shown in the last frame. The second condition is that stem cells must adhere more strongly to each other than they do to transit-amplifying and committed cells. This is demonstrated in the simulation in Fig. 1C . The cluster loses its rounded shape. Cells on the periphery are not pulled into the main cluster body. The result is that stem cells can break away from the cluster, or, when differentiation occurs, multiple clusters are formed (69 h). This is a runaway process leading to uncontrolled growth.
Control via regulation of division
For this case, peripheral stem cells are continuously differentiating, whatever the size of the cluster. When the cluster is below threshold, all cells are in the cell-cycle. When the cluster is above threshold, all cells are assumed to be in a resting G 0 state. In the last section, all peripheral cells differentiate immediately when the threshold was reached. Now, we cannot have all peripheral cells differentiating, otherwise the cluster would rapidly disappear. Therefore, we assume that there is a small probability per unit time p, that a peripheral cell will differentiate. In Fig.  1D we simulate this idea with p ϭ 0.05 h Ϫ1 The cluster fragments (21 h) because differentiation causes cells deep inside the cluster to become peripheral. We can solve this problem by only selecting those cells with the fewest surface contacts to other stem cells. These cells are positioned on the outer edge of the cluster and so do not include the peripheral cells that differentiated in Fig. 1D . In Fig. 1E , we show a simulation (with p ϭ 0.1) where peripheral cells differentiate only if they have less than 23 surface contacts with other stem cells. The solution works. However, it is not very robust to changes in p or the number of surface contacts. If we select cells with slightly too many contacts (for example, 25), then the cluster fragments as in Fig. 1D (result not  shown) . If we select cells with slightly too few contacts (for example, 20) or if p is slightly too small (0.08), then there is not enough differentiation to maintain the transitamplifying and committed cells. If p is slightly too high (1.2), then the differentiation rate is too fast and the cluster disappears.
Thus, control via regulation of division is much harder to achieve than control via differentiation. In the former case, the differentiation rate has to be balanced precisely. It has to be high enough to supply differentiated cells to the epidermis, but not too high so as to cause the cluster to disappear. In the latter case, however, there are no conflicting requirements: the differentiation rate need only be faster than the division rate.
Given that the experimental data also point to regulation of differentiation, for the rest of this paper, we focus on this mechanism.
Summary
The general rules for active cluster size control via regulation of differentiation can be summarised as follows.
1. Some or all cells in the cluster divide. 2. If the number of cells in a cluster is above equilibrium, cells on the periphery of the cluster differentiate into transit-amplifying cells. 3. The average time taken to differentiate must be shorter than the average cell-cycle time. 4. Stem cells must adhere more strongly to each other than they do to differentiated cells.
Rule 1 is self-evident. Rule 2 has been observed indirectly by overexpression of Delta (Lowell et al., 2000) . There is no evidence in vivo for rule 3. However, division of cells in culture occurs on average every 16 h (Dover and Potten, 1988) , and cells in suspension are known to be irreversibly committed to differentiation after 12 h (Adams and Watt, 1989) . There is no direct evidence for rule 4. However, stems cells are known to be more adhesive to ECM than transit-amplifying cells, and cellcell and cell-ECM adhesiveness are not totally independent (Hodivala and Watt, 1994; Jensen et al., 1999) . 
The Notch signalling pathway can mediate cluster size
Theoretical considerations
In the last section, we imposed an artificial maximum cluster size of 30 cells. We now consider how the cluster can autonomously initiate differentiation when it becomes too large. As discussed in the Introduction, the experimental evidence points to a role for the Notch signalling pathway.
The data suggest that high expression of Delta and high activation of Notch are necessary for stem cell differentiation. Our previous arguments about active cluster size control lead us to propose the following hypothesis. When a stem cell cluster is small, Delta expression is low in all cells of the cluster. This means that Notch activation is low and there is no differentiation. The cluster grows. When the cluster is too large, Delta expression is high, Notch activation is high, and cells are signalled to differentiate. The cluster shrinks. This hypothesis is not the whole solution because we have not answered the following three questions. First, how does the size of the cluster affect Delta expression and Notch activation? Second, why does high Delta expression cause some cells to differentiate and others not. And third, how are peripheral and interior stem cells distinguished so that only peripheral cells differentiate?
We require a mechanism that causes Delta expression to increase in all stem cells in a cluster as the number of these cells increases. This could occur via an additional diffusible regulator. But a more natural explanation is the lateralinduction mode of Delta-Notch signalling. This is where activated receptor upregulates the production of its own ligand. Neighbouring cells stimulate each other to produce high levels of ligand and hence high levels of receptor activation. A consequence of this effect is that the more cells that participate in lateral-induction, the higher the levels of receptor activation and ligand expression in all cells, which is precisely the phenomenon we require.
Lateral-induction has already been shown to be mediated by Delta-Notch signalling (de Celis and Bray, 1997; Huppert et al., 1997; Lewis, 1998) . We propose that active control of stem cell cluster size can be achieved by lateralinduction mediated by the Notch signalling pathway. Thus, the Notch signalling pathway may not only be used to indicate cluster size, it may also be used to control cluster size. We now extend our model to test this mechanism.
The Model of Notch mediated lateral-induction
We first consider the model of Notch mediated lateralinduction. Our proposed model is based on previous models of lateral-induction (Owen et al., 1999 Wearing et al., 2000) , which, in turn, are based on a model of epidermal growth factor binding to its receptor (Waters et al., 1990) . We calculate the total Delta expressed and the total bound Notch receptor on a cell's membrane. We assume that the Notch activation in a cell is proportional to the total bound receptor. Cell fate is determined by Notch activation and total Delta expression.
Before we simulate Notch-mediated cluster size control, it is instructive to study some of the properties of the lateral-induction model. Even though this model has five independent parameters, it appears to have only one mode of behaviour. As the number of cells in a cluster increases, the average Notch activation in all cells increases. In Fig. 2 , we plot the distribution of Notch activation in the cells against cluster size. At small cluster sizes, there are only peripheral cells. Their Notch activation increases as the cluster size increases. This occurs because, as additional cells are added to the cluster, they increase the Notch activation in their neighbouring cells. These cells produce more Delta which, in turn, increases the Notch activation in their neighbours, and so on.
At even larger sizes, the cluster contains interior cells. These cells have a larger Notch activation than peripheral cells because they are completely surrounded by stem cells. Part of the surfaces of peripheral cells contact transit-amplifying cells, and hence they have lower Notch activation. After a certain cluster size, Notch activation saturates. The distribution of Notch activation is bimodal, reflecting the different Notch activations of peripheral and interior cells. Thus, lateral-induction can distinguish between these two groups of cells.
The absolute Notch activation and the cluster sizes above which Notch activation saturates depend on the particular parameter values chosen (results not shown). However, the qualitative behaviour of the model is invariant with the actual parameter set we choose.
In Fig. 3A , we plot total Delta expression against Notch activation in a cell. The two are highly correlated as expected. In Fig. 3B , we plot Notch activation for each cell against the number of surfaces each cell has in contact with other stem cells. Interior cells are, by definition, surrounded by stem cells and have the highest Notch activation due to their many surface contacts. Peripheral cells contact stem and differentiated cells, so have fewer stem cell surface contacts and, hence, lower activation.
So, Notch-mediated lateral-induction appears to give us an autonomous mechanism able to signal to cells the size of the cluster they are in and their position within the cluster. Stem cell differentiation occurs when the Notch activation in a cell is high. Let us postulate a threshold level of Notch activation, above which a cell is signalled to differentiate.
We are now ready to simulate Delta-Notch control of cluster size. However, as we discuss below, there are still some problems to solve. We show that, as it stands, the model is too simple and we need to postulate further mechanisms to make it work.
Control cannot be mediated by local positional information
In this section, we will show that cells relying only on their Notch activation to determine their fate cannot form stable clusters. We do this in several steps, increasing the complexity of the model at each stage.
If differentiation is induced by high Notch activation, we immediately see a problem. If the cluster is growing in size, interior cells are the first to experience the Notch-activation threshold. Therefore, these cells will differentiate before peripheral cells. To overcome this problem, we might postulate an additional signal that, in combination with the Notch signal, only causes peripheral cells to differentiate. For the purpose of illustration, we do not need to specify the biochemical details of this signal. We assume, therefore, that any peripheral cell that reaches the Notch-activation threshold differentiates.
We simulate this idea in Fig. 4A . It is clear that it does not work. This is because, when a peripheral cell differentiates, its neighbouring interior cells become peripheral cells (e.g., 3 h). These cells have a large number of surface contacts with stem cells and hence a Notch activation above threshold. These cells differentiate (9 h) and the cluster fragments.
We can solve this problem by selecting only those cells with the fewest surface contacts to other stem cells. These cells are positioned on the outer edge of the cluster, and so do not include the peripheral cells positioned deep within the cluster that differentiated in Fig. 4A . They are also the cells with the lowest Notch activation. In Fig. 4B , we simulate differentiation of peripheral cells with more than 15 surfaces in contact with differentiated cells and a Notch activation above threshold. Now the correct cells differentiate, but over the long term the cluster loses its circular shape and grows fingers. This happens because the distribution of Notch activation with cluster size (Fig. 2) is not invariant with cluster shape. In Fig. 5 , we plot the distribution of Notch activation of peripheral cells from the simulation in Fig. 4B (shown darkened) and superimpose it on the distribution of Notch activation of cells from a circular cluster, shown in Fig. 2 (shown lightened) . Peripheral cells in a finger-shaped cluster have a Notch activation of peripheral cells of a smaller, circular cluster. Therefore, these cells are less likely to differentiate, causing the cluster to grow fingers (75 h). This is a runaway process leading to uncontrolled growth of the cluster (111 h).
On the basis of these results, we conclude that stem cell fate cannot depend on local positional information using Notch-mediated lateral induction. Therefore, we have to either abandon lateral-induction or postulate a cluster-wide (global) secondary signal. This signal should act in conjunction with the Notch signal to initiate differentiation.
Control can be mediated by a secondary global signal
A natural possibility for a secondary signal is that when the Notch activation of any cell in the cluster reaches threshold, it sends a signal to all cells in the cluster to differentiate. What is there to stop interior cells from differentiating if there is a global signal to differentiate? Fortunately, we already have a solution to this problem. Interior cells have significantly higher Delta expression levels than peripheral cells, and cells with high Delta expression are known to be deaf to the differentiation signal (Lowell et al., 2000) . Therefore, by selecting an appropriate threshold level for Delta expression, we can make sure that only peripheral cells differentiate. The nature of the global signal is open to speculation. Two examples could be a pulse of Ca 2ϩ or cAMP that propagate from the signalling cell through the cluster in a wave. A cell receiving this pulse and having Delta expression below threshold will be signalled to differentiate.
We can simulate this idea without having to consider the actual biochemical details of this global secondary signal. When any cell in the cluster reaches a threshold level of Notch activation, we assume that a differentiation signal is sent to all cells in the cluster. Any cell with sufficiently high Delta expression is deaf to this signal. The Delta expression threshold should not be too small, otherwise no cells will differentiate, or too large, otherwise all cells will differentiate. Fig. 6 . Multiple clusters in a simulated 1-mm 2 area of basal epidermis. All clusters have remained stable and fixed relative to their neighbours for over 1000 h. The image is cropped to hide the effects of the boundary conditions, which are not important. Fig. 4C shows a typical simulation in which the shape and size of the cluster remains stable. Because cells with a sufficiently high Delta expression are deaf to the differentiation signal, only peripheral cells that are on the extremities of the cluster differentiate. This causes the circular shape to be stable.
Finally, to show that this idea works for multiple clusters, we simulate a 1-mm 2 area of basal epidermis (Fig. 6 ). The clusters remain in their relative positions because of the radial force of cell flux from the clusters. In this simulation, the boundary conditions are not important. However, we can use different boundary conditions to simulate different biological scenarios. For example, periodic boundaries can simulate unbroken, normal epidermis, no flux boundaries can simulate the edges of a petri dish.
Conclusion
Recent experimental advances in the identification of epidermal stem cells have shown that the basal layer of interfollicular epidermis is highly structured. Clusters of stem cells provide a continuous supply of differentiated cells, which gradually move into the suprabasal layers. In this paper, we have focused on the way in which a stem cell cluster can maintain its size and shape in such a dynamic environment. We argue that control of the cluster shape requires, simply, that stem cells adhere to each other more strongly than to differentiated cells. Size control is more complex, requiring differentiation on the edge of the cluster to be controlled by cluster size. We have shown that this can be achieved via Notch-mediated lateral-induction, which is consistent with experimental evidence linking Notch activation and Delta expression with stem cell differentiation. We argue that Notch signalling may have a dual role. First, the mechanism of Notch mediated lateral-induction gives cells information on their position in, and the size of, the cluster they inhabit. Second, the high levels of Delta expression and Notch activation cause cell differentiation and hence control cluster size. We show that the control of differentiation depends both on the level of Delta expression and on a secondary global signal that is produced in response to Notch activation.
Our work has focused on a single stem cell cluster. An important phenomenon not addressed by the model is the ability of the basal layer of the epidermis to reconstitute itself from isolated stem cells, with a single stem cell giving rise to multiple stable clusters (Jones et al., 1995) . In its current form, the model is unable to reproduce this phenomenon, which would require special properties for the cells at the edge of the growing colony. Preliminary investigations show that amending the model to include this does enable simulation of multiple cluster formation, and further study of this is a natural area for future work. Another behaviour worth exploring with a multicluster model is clonal expansion of mutant cells. Zhang et al. (2001) have shown that EPUs contain the expansion of p53-mutant clones of neighbouring EPUs. Colonisation of mutant clones into adjacent EPUs only occurs under sustained carcinogenic exposure. A model may be able to discover necessary conditions for containment and colonisation.
Another unanswered question concerns the three-dimensional structure of the epidermis. Stem cell clusters lie either at the tips of the dermal papillae or at the bottom of rete pegs, depending on site in the body and possibly regulated by epidermal thickness. Investigation of this is a natural area for future work using a three-dimensional version of the model. This will also allow us to explore the significance of differential adhesion and motility on ECM between stem and transit-amplifying cells (Jensen et al., 1999) . For example, differential adhesion to the basement membrane might cause stable clusters without the need to invoke increased cell-cell adhesion between stem cells.
A third potential application for the model is in psoriasis. This commonly occurring skin disease is characterised by red scaly lesions, and the whole structure of the epidermis is disrupted, with many dividing cells in the suprabasal layers, highly elongated rete pegs, and incomplete epidermal differentiation. Preliminary evidence suggests that the Notch signalling pathway may be disrupted in psoriasis (Moran et al., 1999) , and further experimental data in this area would enable the model to be extended to psoriatic epidermis.
